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In numerous tudies concerned with the law of quadratic reciprocity in Euler's 
works (for instance, [3; 6-8; 10; 11]), it seems to have passed unnoticed that Euler 
partitioned the set of the integral binary quadratic forms with a given discriminant 
into classes, which he called "genera" [4; 5]. The aim of this paper is to show that 
these very classes are, from a modern point of view, genera of forms, a fact that 
was already stressed by R. Fueter in his preface to the fourth volume of the 
Opera omnia of Euler. In these number-theoretic studies, Euler utilized a law of 
distribution for prime divisors p of the form 
F(X,  Y )  = X 2 - dY  2, (1) 
where d is a given square-flee integer. He located these divisors p among arithmeti- 
cal progressions of the form 
4dt  + y l ,4dt  + y2 . . . . .  4dt  + y2n , tE  7/, (2) 
where Yl, "}/2 . . . . .  ~2n are natural numbers relatively prime to 4d and less than 
41d I, and where 2n = q~(41dl), (¢p denotes the Euler function). Euler found that for 
a given d the set (2) can be partitioned into two equipotent subsets 
4 dt + Otl, 4 dt + c~2, . . . , 4 dt + an, t E ~, (3) 
and 
4dt+f l l ,4dt+f l2  . . . . .  4dt+f ln ,  tEZ ,  (4) 
such that all prime divisors p of F(x ,  y) belong either to the progressions (3) or 
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else to the progressions (4). Kronecker [8, 4] later proved that the above law of 
distribution is essentially equivalent to the law of quadratic reciprocity. 
Euler calls a prime p a divisor of the form (1), if a nontrivial representation 
ap = X 2 - dY  2 (5) 
holds. In [5, 163], he turned to the theorem proved by Lagrange [9, 265] according 
to which all such p can be represented by a finite number of reduced forms 
f i (x ,  y) = ai x2 q- 2bixy + c iy  2, (6) 
where ai, bi, ci @ 77, b] - aici = d, and i = 1, 2 . . . .  , m; that is, p = ]~(x, y) for 
some i (1 -< i ~ m) and some x, y ~ 77. On the assumption that the divisors p of 
the form (1) are of the following kind 
p=4dt+0/~,p=f i (x ,y ) ,  tE77 
(see (3) and (6)) and proceeding from the identities 
aif i (x,  y) = (aix + biy) 2 - dy 2 = F (X ,  Y )  (7) 
or  
cif i(x, y) = (bix + ciy) 2 - @2 = F(X ,  Y )  
(1 -< i -< m), Euler found the al ,  O/2, • 
integral values of the forms 
(8) 
• • , 0 /n  for the progressions (3) among the 
f i (x ,y )  = 1F(X'. Y )  = 1X2a, - da, y2 (9) 
or  
1 F(X, Y) = 1 X2_ d y2 
y, (x, y) = c-, 7, c-, 
(here we employ modern notation)• If
(lO) 
or  
aiaj = X 2 - dY  2 = F(  X ,  Y )  
CiC j = X 2 - dY 2 = F(X ,  Y )  (11)  
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holds for some i # j (1 -< i, j -< m) and some X, Y E Q, he rejects one of )] and 
J~. Let gl, g2 . . . . .  gk (k <-- m)  be the remaining forms from the collection 
f l ,  f2 . . . .  , fm. According to Euler, gl, g2 . . . . .  g~ represent all the different 
genera of forms for a given d. Let ail, a ,~, . . . ,  agl be all those values of the form 
gi(x, y) modulo 4d which are relatively prime to 4d. They define the progressions 
4 dt + Otil, 4 dt + oli2, . . . , 4 dt + otit, t E Z, (12) 
corresponding to the ith genus (1 -< i -< k). 
In [5], Euler examined some cases for d = -1,  _+2, ---3 . . . . .  Among the 
arithmetical progressions (2) he found progressions (3) that contain all the prime 
divisors p of the form (1) relatively prime to 4d. For example, in [5, 183-185] he 
gives nine forms which represent all the divisors of the form 
F(X ,  Y) = X 2 + 30 y2. (13) 
He picks out four of these which have neither the same first nor the same third coef- 
ficient 
g l (x ,y )  = x z + 30y 2 = F(X ,  Y) ,  
1 F (X ,  V),  g2(x, y) = 2x 2 + 15y 2 = 
1 
g3(x, y) = 3x 2 + 10y z = ~ F(X ,  Y) ,  
g4(x ,y)  = 5x 2 + 6y 2 = 1F(X ,  Y), 
(14) 
(15) 
(16) 
(17) 
For instance, Euler rejects the form 
3X 2 q- 6xy + 13y 2 (18) 
because its first coefficient equals the first coefficient of the form (16). Further, 
Euler determined all the values of the form (14) which are relatively prime to 
and less than 120, namely 1, 31, 49, and 79. From this he concluded that the 
arithmetical progressions 
120t + 1,120t + 31,120t + 49, 120t + 79, t E 7/, (19) 
contain all prime divisors p of the form (13) which are relatively prime to 120 and 
which can be represented by the form (14) of the first genus. Proceeding similarly, 
Euler found that the values 17, 23, 47, 113 of the form (15) are the only ones 
relatively prime to and less than 120. Thus, the arithmetical progressions 
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120t + 17, 120t + 23, 120t + 47, 120t + 113, t E 7/, (20) 
contain all prime divisors p of the form (13) which are relatively prime to 120 and 
which can be represented by the form (15) of the second genus. Similarly, Euler 
found the progressions 
120t + 13, 120t + 37, 120t + 43,120t + 67, t E 7/, 
120t + 11,120t + 29, 120t + 59, 120t + 101, t E 77, 
(21) 
which contain divisors of the third and the fourth genus, respectively. From this, 
he concludes that there are four genera of forms of divisors of the form (13), 
represented by the forms (14), (15), (16), and (17), respectively. Euler called the 
first and third coefficients of these forms "characters" of genera of forms. For 
example, those of (17), i.e., 5 and 6, he calls "characters" of the fourth genus. In 
[6] Gauss proved that the coefficients ai and ci completely define the genus of the 
form (6). 
If forms have the same "character" then according to Euler they belong to the 
same genus. But he noted that forms with different "characters" may be of the 
same genus. For example, he found three forms [5, 191-194], 
gl (x, y) = x 2 + 39y 2 = F(X, Y), 
gz(x,y) = 3x 2 + 13y 2 = ~ F(X, Y), 
g3 (x, y) = 5x 2 q- 2xy + 8y 2 = ~ F(X, Y), 
(23) 
(24) 
(25) 
which do not have the same first or third coefficients but which represent all the 
divisors of the form 
F(X, Y) = X 2 + 39Y 2. (26) 
He noted further that the forms (23) and (24) give the same arithmetical progressions 
156t + 1,25,43,49,55,61,79,103,121,127,133,139, t E 7/ (27) 
(we use 156t + 1, 25 . . . .  for 156t + 1, 156t + 25 . . . .  ), and hence they belong to 
the same genus. Euler explained this fact by proceeding from the equalities 
1- 61= - -  +39 , 3 .61=122+39.12  . (28) 
From a modern point of view, (28) expresses that the forms F and ~ F in (23) and 
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(24) represent the number 61 rationally. It follows that they are rationally equivalent 
because their discriminants di are of the kind d i= dq 2, qi E Q, i = 1, 2. Hence the 
forms gl and g2 in (23) and (24) belong to the same genus) 
Euler introduced the partition of forms into genera in [4]. In fact, according to 
Euler's Theorem 22 [4, 199], the prime divisors of the form a 2 + 17b 2, other than 
2 or 17, are contained in one of the following formulae: 
68m+ 1, 68m+ 3, 
68m+ 9, 68m+27,  
68m+13,  68m+39,  
68m + 49, 68m + 11, (29) 
68m+33,  68m+31,  
68m+25,  68m+ 7, 
68m+21,  68m+63,  
68m + 53, 68m + 23. 
the above p belongs to one of the 
either 
According to Euler's Theorem 23 [4, 199], if 
formulae in the left-hand column in (29) then 
p = a 2 + 17b 2 or 9p = a 2 + 17b 2 (30) 
holds for some integers a and b. If, however, the above p belongs to one of the 
formulae in the right-hand column in (29), then 
3p = a z + 17b 2 (31) 
holds for some integers a and b. From a modern point of view there are two genera 
of forms for d = -17.  
The progressions in the left and the right columns in (29) contain prime divisors 
p which can be represented by the forms of the first and of the second genus, 
a Let 1 be the greatest common divisor of ai, 2bi, c~, where a~, b~, c~ E Y. Let d be an integer such 
that: d ~ dos 2, S 2 > 1, do, s E ~_. We say that the forms 
f i (x ,y )  = ado 2 + 2bdcy + ciy 2, 
where d = b 2 - aici, i = 1, 2, belong to the same genus if they are rationally equivalent, that is, 
f1(x ,y)  =f2(halx + h12y, h21x + h22Y), 
where halhz2 - h21ha2 ~ O, hij E Q [1,241]. 
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respect ively.  The  coeff ic ients 9 and  3 in (30) and  (31) p lay the role of  Eu le r ' s  
"characters"  ai in (7). For  this reason,  one  may speak about  par t i t ion  of  forms into 
genera  in [4]. 
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